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Abstract. The single-particle inclusive differential cross-section for a reaction a + b — ¢+ X is written
as the imaginary part of a correlation function in a forward scattering amplitude for a +b — a + b in a
modified effective theory. In this modified theory the interaction Hamiltonian H; equals Hy in the original
theory up to a certain time. Then there is a sign change and H; becomes nonlocal. This is worked out in
detail for scalar field models and for QED plus the abelian gluon model. A suitable path integral for direct

calculations of inclusive cross sections is presented.

1 Introduction

In this article we consider inclusive cross sections, i.e. re-
actions of the type

a(p1) + b(p2) — c(ps) + X, (1.1)

where a, b, ¢ are particles and X stands for the unobserved
remaining reaction products. We will present a general
method which allows us to write the inclusive differential
cross section pido(a+b — c+ X)/d3ps as imaginary part
of either a current-current or a field-field correlation func-
tion in a forward scattering amplitude a +b — a + b in a
modified theory. Let

H=Hy+ H; (1.2)
be the Hamiltonian of the original theory, with Hy and
Hy the free and interaction parts, respectively. Then the
modified theory is described by

H = Hy + Hyp, (1.3)
where H;, obtained from H; in a well defined procedure, is
discontinuous in time and nonlocal in space. The modified
theory is constructed in such a way that both its incom-
ing and outgoing states are equal to the incoming states
of the original theory. Thus the S-matrix of the modified
theory equals the unit operator. Here and in the follow-
ing we always work in the Heisenberg picture of quantum
mechanics.

Our article is organised as follows. In Sect. 2 we re-

call the basic relations for single inclusive cross sections.
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In Sect. 3 we present our general formalism for the modi-
fied effective theory in the case of scalar fields. Quantum
electrodynamics with massive photons and the theory of
quarks interacting with abelian gluons are considered in
Sect. 4. We discuss some properties of the modified Hamil-
ton operator and derive a path integral representation
for inclusive cross sections in the abelian gluon model.
These techniques are then applied to the cross section
et + e~ — g+ X as a specific example. We compare
our techniques with the Schwinger-Keldysh formalism [1],
described e.g. in [2], and with Mueller’s treatment [3] of
inclusive cross sections using the generalised optical the-
orem for 3 — 3 scattering in Sect. 5 which contains also
our conclusions.

2 Single inclusive cross sections

In this section we recall some basic relations for inclusive
cross sections. Our notation follows [4,5]. Let us consider
a single-particle inclusive reaction, i.e

a(p1) + b(p2) — c(p3) + X (px)- (2.1)

To take a simple case, let a, b, ¢ be spinless particles with
masses mq, My, Me. The c.m. energy squared is s = (p1 +
p2)?. We assume c(p3) to differ in type and /or momentum
from a(p;) and b(p2). We use the covariant normalisation
for our state vectors

(a(py) [ a(p) ) = (2m)*-2p) -6 (pa' = p1)  (2:2)
and similarly for b, c. The S-matrix element for the reac-
tion (2.1) is given as

St = ( c(ps), X (px ), out | a(p1),b(p2),in )
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= iZc_l/Q/d4x elwps
x( X(px),out | je(z) | a(p1),b(p2),in ).

Here we have applied the reduction formula for particle
¢ in the final state. Let ¢.(x) be a suitable interpolating
field for ¢ and Z. the corresponding wave function renor-
malisation constant. The current j.(z) is defined as

]c() (D +m)¢c()

The T-matrix element is obtained from the S-matrix ele-
ment via

(2.3)

(2.4)

St = 851 +i(2m) 8 (p1 + p2 — ps — px) T,
7}i = Zc_1/2< X(pX)>OUt | jc(o) | a’(pl)ab(pQ)ain > (25)

The single-particle inclusive cross section fi,.(ps) is de-
fined by

d3
fznc(p3) ~_p3d3 (a+b_>C+X)

1
~4(2m)3w(s,m2,m?) %:

(2m)26D (p1 + p2 — p3 — px)|Til?, (2.6)

w(z,y, z) = [#2 + y? + 2% — 2zy — 222 — 2y2]Y/2. (2.7)

In the usual way the sum over all states | X, out ) in (2.6)
can be carried out using completeness and translational
invariance

1 )
inc = - Z_1 d4 tp3®
Jine(P2) = G yun(s, miz, m) 2° J e

x(a(p1), b(ps),in |j1(0)
jc(-r)|a(pl)7 b(pg), m >

1
= Im C 2.9
2(27)3w(s, m2, m2) m C(p1,p2, p3), (2.9)

C(p1,p2,p3) —Z/d €3 M(x),

M(z) = Z;  a(p1), bp2),in | j1(0)
je(x) | a(pr), b(p2),in )6(—=°).

Here 6(z) is the usual step function.
Alternatively we can write

M(z) = Z;l (Dy + mg) (Dz + mg) Q(fxo)

<a(p1)7b(p2)7in ‘ (bl(y)
de(x + 2)|a(p1), b(p2), in

Here the limit y — 07, 2 — 0~ is to be understood as
follows: We first require ° < 0 and 2° < 0 and perform
the differentiations with respect to y and z. Afterwards
we take the limit y — 0 and z — 0.

The amplitude C(p1,p2, p3) will play a central role in
the following and we will be able to write it as a current-
current, respectively a field-field correlation function in a
forward scattering amplitude, but in a certain modified
effective theory.

(2.8)

(2.10)

(2.11)

(2.12)

> |y—>0*, z—0"
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3 Modified effective theory for scalar fields

Let us assume that the basic dynamical variables of the
original theory are the operators for unrenormalised scalar
fields ¢;(x) and their conjugate canonical momenta IT;(x)
(i = 1,...,N). For simplicity we assume that IT;(z) =
¢i(x) holds. We denote ¢;(x), IT;(x) collectively as (x).
Let H be the Hamiltonian of the system which we split
into a free part Hy and an interaction part H; which may
depend explicitly on the time ¢, but should not involve
time derivatives of IT;(x)

H(t, 0(x,t)) = Ho(P(x,1)) + H(t, P(x,1)).  (3.1)
Besides the interacting fields and momenta @ free fields
and momenta &) are considered with the correspond-
ing Hamiltonian Hy. Here the mass parameters in Hy are
taken to be the ones of the asymptotic particles.

We assume now as usual (cf. e.g. [6,7]) that there exist!
unitary operators U(t) that realize the time-dependent

canonical transformations relating @ to ¢(®)

B(x,t) = U ()dO (x, 1)U (t). (3.2)
Taking as boundary condition
P(x,0) = 0 (x,0) (3.3)
we get
QU (t) = —iH(t, 0 (x,1))U(t),
U(0) =1, (3.4)
t1
Ut) =Y (—i) / dtl/ dts
/0 G H (1) H (1),
Hi(ty) = Hi(t;, 8 (x,1;)). (3.5)
We define furthermore
Ulta, t1) = U(ta) U (ty). (3.6)

For t; > t; we have

to
Ulty,t1) = Texp {—i / dt’' Hr(t', @9 (x,t") | , (3.7)

t1

where T means time-ordering.

Let us recall the LSZ formalism [9,6,7]. Assuming for
simplicity the particles a and b to carry the quantum num-
bers of some fundamental hermitian scalar fields ¢, ¢p, we
define operators

Moty = 7 [ o Bt

L Of course this is only true in the regularised theory, i.e. for
finite ultraviolet cutoff
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=izl / @z P (I,(x) — ipdba(x)),
B(paa®) = 2, [ 0 7 5loin (o)

=iz, 2 [ v (o) — inon(e)). (35)

where Z,; are the wave function renormalisation con-
stants. The LSZ formalism has as basic assumption that
for t — oo the (hermitian conjugates of the) operators
of (3.8) converge in the weak sense to the annihilation
(creation) operators of out and in-states, respectively, for
instance

 lim AT t) B (past2) [ 0) = | alpn). bipa) 5.
(3.9)

Now we return to the single inclusive cross section
(2.8), where we have to calculate the matrix element (2.11)

M(z) = Z;  a(pr), b(p2),in | j1(0)
je(x) | a(p1), b(pz),in )0(—a°)

=2Z:' lim (0] B(ps, —t3) A(p1, —11)71(0)
Je(@) AT (p1, —t1) B (p2, —t2)[ 0)6(—2"). (3.10)

We assume the current j.(x) to be expressible in terms of
the fields and their conjugate momenta but not involving
their time derivatives. Then we have

Lt) = je(t, 9 (x,t))
=4 ().

Furthermore we have from (3.2) and (3.8)

U(t)je(t, P(x, 1)U~
(3.11)

= A(p1, ;9 (x,1))
= A1) (3.12)

U(t)A(pr, t; B(x, 1)U (t)

and the same for B(pg,t). We note that the ) satisfy
the free field equations. In the case of a free scalar field
with mass m they read

o0 (x,t) = MO (x, 1),
IOx,t) = (A, —m?)ep© (x,1). (3.13)
This implies
A9y =0, BO@)=o. (3.14)

Now M(z) (3.10) may be written as

Mip)=, fm 20| U7 (T)U(T,~)BO (1)
XU (—ty, 1) AQ (=) U (~1},0)51*(0)
(0,2°)5(2)U (20, —1) ATO) (1)
U(—t1, —t2) B1O (—t2)U (~t2, —T)
(=T) | 0)0(—=°). (3.15)
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Here we have introduced further times 7,7’ and we as-
sume without loss of generality

T >ty > t1,
T > th > t). (3.16)
With the usual assumption that the interaction is switched
off adiabatically for ¢ — +o0o we get from the adiabatic
theorem

lim U(

T—o0

~T)|0)=¢€"-]0), (3.17)

where |0) is the vacuum state of the free theory. Inserting
everything in (3.15), we get

M(z) = gm pAim Z YO | U=T, —ty) BO (—t})
xU (—th, —t) A (—t1)U (—t;,0)51(0)
xU(0,2°)j{ (2)U (2°, —t:) AT (~t1)
xU(—=ty, —ty) Bt (—to)U(~ty, —T)| 0 )8(—2°)
x[(0[U=TYUH(=T)|0)]" (3.18)

Following the time-dependence in M (z) from the right to
the left, we start at time —T — —oo and pass through
operators of increasing time arguments until time 0. Then
the time sequence changes and we go back in time to time
—T" — —oo. In a usual matrix element the time arguments
should increase instead.

We will now show that we can write the matrix element
M(z) (3.18) in the usual form, with time increasing from
right to left, if we pass to operators U of the form (3.5)
but with a modified interaction Hamiltonian H 7. As the
time-sequence in M(x) is correct up to t = 0, we request

U(t) = 0(—t)U(+t) + 0()U(—t). (3.19)
This gives with (3.4)
QU (t) = —iH(t)U(2), (3.20)
Hy(t) = 0(—t)H (t, 80 (x,1))
—0(t)Hy(—t, 9 (x, —1)). (3.21)

For t > 0 our modified interaction Hamiltonian H;(t) de-
pends on the free fields and momenta at time (—t). But we
know how to express the free fields and momenta at time
(—t) by their values at time ¢ using the free field equations
of motion. For ¢, IT() satisfying (3.13) we get

¢ (x,2°) = / &y Az — y;m?),060 (y
yO0=const.
— [ ay{ae -yt nO
yO=const.
+A(z — y;m2)¢(°)(y)} :

1) (x,2%) = $0 (x,2°) (3.22)
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with the usual commutator function for scalar fields of
mass m

A(z;m2) — i/de(efikz _ 6ikz)7

R Ak ) ovso2 2
dk = (27r)39(k )o(k* —m*=). (3.23)
Setting y° = t and 2° = —t in (3.22) we get expressions for

¢ (x, —t) and IT(V)(x, —t) as linear functions of ¢ (y, t)
and IT()(y,t). Thus, we can consider H(t) (3.21) as a
nonlocal functional of the dynamical variables &(©)(x,t)
at the same time ¢ also for ¢ > 0

Hi(t) = Hi(t, 89 (x,1)). (3.24)
Using in addition (3.14) we can rewrite M(x) (3.18) as
follows

M(x) =

lim  lim  Z;71(0 | U(T',t5)BO(th)

ts,t,—00 T,T"—500

U (th, ) A (£)T (£, 0)51© (0)T7 (0, 2°)3) ()
xU (@0, —t1) AT (=t1)U (—t1, —t2) BT (—ty)
X0 (~t2,~T) | 0)8(—2°)

x[(0 | T(T',~T) | 0)] 7Y, (3.25)

U(',t) = U0 ()
» /t dt//ﬁ[(t//’(b(o) (X, t//))]

' >1t).
In the limit 7,7 — oo we get from (3.25)

= Texp

(3.26)

M(z)= lim Z;'(0]| Texp [—i/m dt’ﬁl(t’)}

xé(o) (té)A(O’(t’l)Ji(O)(O)jéo)_(ar)A“O)(—tl)
x B'O(—t5) ] 0)0(—2°)
X {( 0| Texp {—i/_oo dt’f[l(t’)} | 0 )} (3.27)

Clearly, we can consider (3.27) as matrix element of the
standard type but in the modified theory governed by the
total Hamiltonian

H(t,d(x,t)) = Ho(P(x,t)) + Hi(t, D(x,t)), (3.28)

B(x,t) = U1 ()00 (x, 1)U (¢), (3.29)
M(z) = Z; ( a(p1), b(p2), out | jL(0)
je(@) | a(p1),b(p2),in )O(=2°). (3.30)

Here we denote by {( )) matrix elements in the modified
theory. Using (2.12) we can also write M as

M(z) = 2. (By +me) (O: +me)
(a(p1),b(p2), out | 6L (y)de(x + 2)

| a(p1),b(p2),in )0(~2°) (3.31)

ly—0-, 20~
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The S-matrix of the modified theory equals unity, due
to the fact that the incoming and outgoing states are now
identical

S=1. (3.32)

In (3.28)—(3.31) we have a main result of our paper.
The matrix element M is written in the standard form
with an in-state to the right and an out-state to the left.
The prize we have to pay is that we have to use the mod-
ified theory where the Hamiltonian H(t) has a sudden
variation at ¢ = 0 and is nonlocal for ¢ > 0. On the other
hand we can use (3.28)—(3.31) as starting point to write
down a path integral representation for M in the stan-
dard way. Below in Sect. 4 we will do this for QED and
the abelian gluon model as an example.

4 Inclusive production in QED
and an abelian gluon model

4.1 QED and the abelian gluon model

In this section inclusive reactions are considered in QED
coupled to an abelian gluon model. An example for such
a reaction is

et (p1) +e (p2) — q(ps) + X. (4.1)

Starting point is the Lagrangian describing the interac-
tion of electrons of mass m and charge —e with a massive
photon of mass A - to avoid any infrared divergences - and
of two quark flavours of equal mass M and electric charge
eQ, with the photon and a massive abelian gluon of mass
1. As Lagrangian we choose

1 1 1
- _ = N7 12 -2 n
L 4GWG —2770 (0,G*)” + 2MOGMG

1
_ ZFWF;L

+a(

+q (; 5 — My — equA—goT:sG) q,

1 1
v o n\2 12 o
2% (0, A")* + 2)\0AMA

5 —myg + €0A> (0

DO .

(4.2)

where G, denotes the abelian gluon field and G,, =
0,Gy — 0,G,, its field strength tensor, A, the photon
field and F,, = 0,4, — 0, A, its field strength tensor,
1 the electron field and ¢ the quark field. For the vector
boson part of £ we have chosen here a form advocated
by Stueckelberg (cf. e.g. [7]), where terms —1/2ny(8,G*)?
and —1/2&,(9,,A")? have been added for the abelian gluon
and the photon field. We have a quark field with two
flavours and 73 is the usual Pauli matrix. All quantities
in (4.2) are the unrenormalised ones. The corresponding
renormalised quantities are denoted either without any
subscript in the case of constants or with the subscript R
in the case of fields.

The Lagrangian (4.2) has two discrete symmetries of
the charge conjugation type, C4 and C¢, which guarantee
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that no further coupling terms need to be added in (4.2)
and that photons and the abelian gluons do not mix. All
this is explained in Appendix A, where we also discuss the
renormalisation procedure in our model.

The canonical momenta of the vector fields of the the-
ory are listed in (B.2) of Appendix B. For finite & and 7
the relation (B.2) can be solved for 9yA, and 9yG, and
the canonical formalism can be applied.

The Hamiltonian corresponding to (4.2) can be ob-
tained as usual by a Legendre transformation

H = Hy(y°) + H;(y°),
Ho(y) = / 0 yHo(y),

Hi(y) = / Py (y), (4.3)

where we choose the free Ho(y) and the interaction part
H;(y) of the Hamiltonian density as follows

1 . ) )
Holy) = —3 HeolT — 5 Hailll; — GG + 1159,G°
1 17 1 2 n 5 0
+ZGUG - 5/,6 GMG — §HA0HA
1

. . . 1 »
—§HA,-H}4 — 8iA1Hg + I1°9; A° + ZAUA”

1.5 Y APy
—5)\ A AR — 57 0; —m | ¢

(i 2
—q (27181- —M> q-

1 1
Hi(y) = +§5M2GHG“ + éénﬂcoﬂg

1 1 _
+§6A2AMA” + §6§HA0H91 — Smapnp — SMqq

(4.4)

—eopp + G (e0QqA+9oTs @) g, (4.5)
with
op? = p® — pg,
on =n—no,
SA2 = 22— 22,
68 = & — &o,
om = m — mg,
SM = M — M. (4.6)

Only the interaction term has to be altered in order to
construct the Hamilton operator for the modified theory
according to the rules specified in Sect. 3

H(®y°) = Ho(y°) + Hr(y"),
(°) = / 0y [0~ H1 () — 0(s°)H1 ()
with 7 = (=", y). (4.7)

In 7—21(;&) the fields at time —y° have to be substituted by
the fields at time y° via the time shift relations analogous
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to (3.22). For the vector fields and the fermion fields these
are given by (B.6), (B.7) and (B.13) in Appendix B. Two
points should be stressed concerning this modified Hamil-
ton operator: First, due to the jump in the interaction, the
effective theory has no time translation invariance, so that
no longer energy conservation holds at every vertex. Sec-
ond, the effective interaction contains derivatives. Thus,
if we use perturbation theory for the evaluation of ampli-
tudes in the effective theory, we have to be careful about
contact terms in time ordered products, especially for the
vector fields (for a general discussion of such contact terms
see [7,8]).

4.2 Inclusive quark production in et e -annihilation

We want to calculate the single-quark-inclusive cross sec-
tion of reaction (4.1). Performing all the steps as described
for scalar fields in Sect. 3 we can write this inclusive cross
section as imaginary part of an amplitude C (cf. (2.8, 2.10,
2.12)). For unpolarised e~ and e* in the initial state and
summation over spin and flavour of the final state quark
this reads

1

fine(ps) = 3@ w(s, m? mQ)Im C(p1,p2,p3), (4.8)
Clpr.pap) =i [ de 7 M(a), (4.9)
M(z) =-Z;! Za(ps)(iffl> -M) !
<€+(p1),€7(p2),in| TQA(Z' + Z)
qa(y) | e (p1), e (p2),in)0(—2°)
(=il = Myulps) o (40)

The transition to the effective theory gives

M(z) = 2,3 alps) (i — M) 3 e (1), e (pe)]

Tga(e + 2)3a(y) | € (1), (p2))0(~2°)

(=il — M)u(ps) (4.11)

|ya0—, z—0— ’

Here > means the average over the spin states, A is the
quark flavour index over which we sum. In (4.10) and
(4.11) we have for convenience inserted a T-product sym-
bol which puts ¢ and § into the order required for z° < 0
in the limit y — 0~.

In order to calculate M(z) we expand it in powers of
the electromagnetic coupling constant e. The leading term
in the connected part of M is of order e*, corresponding
to the diagrams of Fig. 1 which can be classified as eTe™-
annihilation (a) and ete™-scattering (b) ones.

Using the LSZ reduction formalism we get for the con-
nected part of the annihilation matrix element M%

> (et ). e (p2)Taalz + 2)aa(y)le’ (1), e (p2))

St 1S.—
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Fig. 1la,b. Annihilation diagrams a and scattering diagrams
b for the amplitude M(x) in order e*. In the middle blob
arbitrary gluonic interactions are allowed. All lines and vertices
are in the effective theory. Time runs from right to left

= —e21" (0| T/d4$3[9(—

—H(xg)AH(f3)ei(p1+p2)f3]qA(x +2)
qa(y) /d4$4[9(—I2)AV(x4)e_i(1)1+p2);c4
—0(x9) A, (4)e 1 PrHP2)7a] o))

Au(xg)ei(pl"‘p?)%

(4.12)

where we have written the matrix element with the help
of the lepton tensor

Y — Z "a(p2)y"v(p1)o(p1)y u(pz)
St S

= pli'py + piph — g" (p1p2 + m?).  (4.13)

Expanding further we get to lowest order in Q4eg
> et o),
8ot rSo—

= QO] T [ diaalo(-) A, )t

e (p2))

e (p2)|Tqa(z + 2)qa(y)le” (p1),

( 73)e Z(p1+pz)rs]

—0(a3)A
)a(z1) Aw1)q(w1)

/ dt
29)q(a1) A(F1)q(1)]
qA(x +2)qa(y)

x / ' [6(~23)q(w2) Alz2)q(2)
—0(29)q(22) A(Z2)q(T2)]
—0(a9) A, ()e

1 1
4 N2 7uv
- _ In
€ Qq §— A2 —des— A2+ e

—i(p1 +pz)ar"4] |0>>

(| T /d%clw(fx?)e 02221 g, g )

—0(})e’
qa(z +2)qa(y)

i(p1+p2)T1 (331)%(1(3:1)]
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Fig. 2a,b. The diagrams of 2-photon annihilation processes
for inclusive quark production (4.1) are shown in a, the corre-
sponding diagrams for M (4.11) in b. Time runs from right to
left

X /d4x2[9(—wg)e_i(”1+p2)x2(]($2)%¢1($2)
—0(x9)e PP q(F, )y, 4(2)]|0),

so that our matrix element M?(x) can be written in the
following way

(4.14)

_ . 1
M (z) = Z; 164Q(21l“ STV Tic 6(—x°)
> a(ps)(ife — M)(0|Tqa( + 2)

Sq

/d4x2[9(—$8)€7i(m+p2)“(i($2)%fI($2)

—0(a)e” PIHPITg(Ty )y, q(22)]

Jatoilo-atye e gt yya(e)

*9( )“’““’2)"’“ q(z )’mq(m)]

zﬁM

in terms of quark 6-point-functions in the quark-gluon-
theory. In the next subsection this will be represented
by a path integral in the modified abelian gluon model.
The electromagnetic interaction of the incoming fermions
could be separated, the calculation is sketched in Ap-
pendix C.

The same procedure can be applied to the scattering
matrix element M°®(x) corresponding to the diagram of
Fig. 1b. Of course this diagram cannot give a contribution
to the inclusive cross section. In higher orders the eTe™-
scattering type diagrams give e.g. the contributions of 2-
photon annihilation processes (cf. Fig.2) to the inclusive
cross section (4.1)

(4.15)

| —0—, z—=0—

et +e — et +e +q+ X (4.16)

As a simple check of our theoretical manipulations let
us finally calculate the matrix element M%(z) in lowest
order in the quark-gluon-coupling g, i.e. for g = 0. Decom-
posing the quark 6-point-functions with Wick’s theorem
into quark 2-point-functions and substituting for these the

perturbative propagators (B.14) we get for M* two con-
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tributions according to the two different possible contrac-
tions

1 2
I .0
s — A2+ e 0(=2")

M (z) = 2 Q2

+e! PPty (Y M)y u(ps).  (417)
Inserting this in (4.8) we get
1 2 G
inc = lHV N9 ., -
Jine(ps) 2(2m)3w(s, m?, mz)7r6 @ s — A2 +ie
2> (ps)y (P—M)vu(ps)
Sq
W (p? — M>)0(p )| (4.18)
p=p1+p2—ps

This is, of course, the standard result, which one obtains
in considering to lowest order the reaction
et +e”

= q+q (4.19)

for two quark flavours of charge Q.

4.3 Path integral representation

In the last subsection the matrix element M (z) and there-
fore the one-quark-inclusive cross-section could be ex-
pressed in terms of quark 6-point-functions after separat-
ing the electromagnetic interaction by a perturbative cal-
culation. As the coupling g is not assumed to be small we
will now derive a representation of these quark 6-point-
functions suitable for non-perturbative calculations. For
this we consider the Hamiltonian path integral in our ef-
fective theory obtained from the abelian gluon model.
Any Green’s function of the theory can be written as

(0] Tq(x1)...q(x2)...G* (x3)-.. TTE(z4)... |0))
=z [ D(G,11g,q,q) q(1)...q(z2)...G* (x3)

M an)cexpli [y (T)bw) - A} (@20
with
2= [ DG 1o, exoli [l (11)d) — Aw)
(4.21)
and
H()90) = T )C,0) + o (0)it) + 160

= I15(y)G,o(y) + ffi(y)vo P q(y).

5 (4.22)

Here the classical fields G and Il and the Grassmann
fields ¢ and g have to be inserted into the part of H(y) (4.7)
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which describes the abelian gluon model. Furthermore for
y° > 0 the classical and Grassmann fields have to be time-
shifted according to (B.6) and (B.13) so that we get

I(y)d(y) — H(y)

1
= Eﬁoﬂco(y)ng

—Gio(y) & (y) —

(4) + OuG" () T (y) + 5 Maa(y) T ()
GG ) + SN )C )
+4(y) (; D, - Mo) a(y) = 0(=y")90a(y) TG (y)a(y)
+0(4°) 90(5)TsGD) 4(7).

For the modified abelian gluon model the canonical
momenta IIf, can be integrated out explicitely to obtain
a Lagrangian path integral

/ D(G, I, q,9) oxpli / dYy (IT(y)(y) — H(y)))
- / D(G,q.q) expli / dYy £(y)}

(4.23)

(4.24)

with an effective Lagrangian ﬁ(y)

~ 1

£l) = G0 ) - 5 L (0,G"(y))?
F5CLE W)+ aW) (D, ~Mo)a(y)
—0(=y) 904 (y)T3F(y)a(y)
+0(y°)90q(9) 3 F(5)q(7)

—9(y°)%g§ d'z 6 (y0 - 20)
« / dizy 6D (40 — 20)3(21)7s
{%(—A( viA)

/\2@50[ (21— y;mAs) — A(ZL — 3 A))a(21)
7(%2)(—A(Z —y; A
+Aiga A — yimodd) — Az -y A)])
+(—A(Z — Yy A)vi
+Aiga KA —yimodd) — Al —y: A)a(z1)
67(52)( Az =y A

xﬁ AG — g moA)-AE — 3 X)) praa(22).

(4.25)

The straightforward calculation leads to a four fermion
coupling term, which results from the time-shift relations
of the bosonic fields.

As the Hamiltonian path integral (4.21) is quadratic in
q, q, the fermionic fields can be integrated out. With the
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Green’s function SF of the quark in the modified gluon
background

(iﬁ—Mg)S‘F(zl,zQ;G) — g/d4z G(zl;z)gp(z,z'g; G)

= —0W (2 — 29), (4.26)
the quark propagator is given as
1 -
(0] Tq(=1)a(22) | 0) = ( - 5F (21, 22:G))), (4.27)

where the brackets (( )) on the right hand side denote the
average over all gluon fields with the measure dictated by
the path-integral

(F(G, Ha)) = 2 / D(G. 1T6)F(G. 1)

X expli /d4y nOHGOHGJra GMIT

1 .
5 Heallg; -

+%)\§G,LG“)]
(det {—i (i@—Ma - / d%2G( . z)>]>2
with

Gy y2) = 0(—y)0W (y1 — y2) 3G (1)
+0DIN 8~ 48) [d' 50~ of)
VS (y1 — 2 M)7sG(2)S (2 —ya; M)~°

Inserting the Green’s function (4.27) into the matrix ele-
ment (4.15) we get the matrix elements and therefore the
inclusive cross section expressed explicitely in terms of
a Hamiltonian or Lagrangian path integral, respectively.
These expressions should be a convenient starting point
for applying non-perturbative methods to an evaluation
of inclusive cross sections. It should be possible, for in-
stance, to generalise the methods of [11] to the case of
this effective theory here.

Gioné — ZGijGij

(4.28)

.(4.29)

5 Comparison to other techniques
and conclusions

In this section we give a brief comparison of our technique
using time-shifted fields with the formalisms of Schwinger
and Keldysh [1,2] and Mueller [3]. Then we will draw our
conclusions.

To discuss the Schwinger-Keldysh formalism we go
back to (3.15) where the time sequence runs forward from
—T to 0 and then back to —T". Following Schwinger and
Keldysh one inserts U-matrices from 0 to a large positive
time 7" and back to 0

U, 7"u(T”,0) =1, (5.1)
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=T

Fig. 3. Time contour in the Keldysh formalism

c c

(a) (b)

Fig. 4a,b. In a the discontinuity of 7y; is shown which is
related to the inclusive cross section a+b — c+ X in Mueller’s
formalism b

_ . . -1 7! 4
M@ = 2 (O IUET =)
x BO (—th)U (—th, 1) A (—t})U (~t},0)

xU (0, T")U(T",0)5i® (0)U (0,
xU (20, —t1)ATO) () U (—t
xU(—t2,—T) | 0)0(—2°)
x[(0|U(T,-T)0)*

In the complex time plane we go along a path starting
at —T, going to 7" and then back to —7” (Fig. 3). This
method is best used introducing the two field formalism
[1,2]. Tt plays an important role in thermal field theory in
the real time formulation [13,14].

In Mueller’s formalism one starts with the 3-3 ampli-
tude fora+b+c¢—a+b+c

< a(pll)v b(p/Z)v 5(27{3)’ out | a(pl)a b(p2)7
=67 +i(2m)*6W (p1 + p2 + p3 — P — Ph

29)j8 ()
1 —tQ)BT(O)(—tz)

(5.2)

E(p3)a in >
— p5)Ti- (5.3)

Then one identifies a particular contribution to Im7y;, i.e.
a particular discontinuity of Ty; (Fig. 4).

We should emphasise that our approach is quite dis-
tinct from these. In our effective theory the time contour
runs from —oo to +o0o. The scattering matrix S = 1 (cf.
3.32). If we insert the matrix element M calculated in the
effective theory according to (3.31) into (2.10) we get an
expression which looks almost like a 3—3 scattering am-
plitude but not quite so because of the function §(—z) in
(3.31).

To conclude: We have presented in this article a novel
technique for treating inclusive reactions: the method of
the time-shifted fields. We have explained this method for
theories with scalar fields and with electrons and quarks
interacting with photons and abelian gluons. The generali-
sation to QCD should be straightforward and will be dealt
with in future work. We have written the inclusive cross
section as imaginary part of an amplitude C for which we
have given a path integral representation. We have ap-
plied our formalism to the reaction e™ 4+ e~ — ¢+ X and
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checked that in lowest nontrivial order we get the correct
result. Our hope is that our path integral representation
will lead to a genuinely non-perturbative evaluation of in-
clusive cross sections at high energies along the lines of
[11]. The method of the time shifted fields could also be
useful for general studies of inclusive reactions in QFT.
One can, for instance, think of generalising Wilson’s oper-
ator product expansion (OPE) [15] to our effective theory.
Then our methods should allow a straightforward descrip-

tion of inclusive production of hadrons h in eTe™ annihi-
lation at high energies
et +e - h+X (5.4)

in terms of a genuine OPE. A similar approach should be
possible for fracture functions [16] for hadron-hadron or
virtual photon (y*)-proton scattering

hi1+ hyg = hs+ X

Y +p—p+ X (5.5)

The last reaction is, of course, related to diffractive deep
inelastic scattering as observed at HERA [17]. Finally,
our methods can also be applied to the treatment of non-
equilibrium processes in thermal field theory.
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Appendix

A Relations for QED
and the abelian gluon model

A.1 Symmetries

The Lagrangian (4.2) has the following two symmetries of
the charge conjugation type

Cy:

(A1)
Cqo: P

(A.2)

Here C is the usual charge conjugation matrix for Dirac
fields (cf. e.g. [12]) and

E:(g(g).

(A.3)
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The standard charge conjugation transformation is

C = CxCq. (A.4)

The symmetries C'y and C¢g forbid coupling terms of the
types AG, A3, AG?, A%G, G3, AG®, A3G in our La-
grangian (4.2) and require the quark mass term to be
flavour diagonal. Coupling terms of type A%, A2G?, G*
have mass dimension 4 and could be included in £. But
we can leave them out since the renormalisation proce-
dure does not require them. The reason is as in QED:
The vector bosons couple to conserved currents and thus
the superficial degree of divergence of vertex functions of
four vector bosons is less than 0 (cf. e.g. [6]).

A.2 Renormalisation
We outline here the main steps in the renormalisation pro-

gram of our theory.
Let us define the unrenormalised vacuum polarisation

tensors H;([S)(k:) of the photon and Hﬁg)(k‘) of the gluon

— k

) '\I\@W v :ie(%H[.(Lﬂ (k),
— k

" m‘o@o‘m v =il k)

Here the blobs mean the sum of the one-particle irre-
ducible diagrams. In the standard way one shows that

(A.5)

(A.6)

11 ,(“é‘) and I7, ﬁg) are purely transverse and independent of
the “gauge parameters” 1y and &y. Thus we write

T4 (k) = (—guuk® + kuk, ) TAD (K. (A7)
The unrenormalised photon propagator A;E;‘; reads

—i

R[4 AT (k2)] — A2 +ie
X (g + (Go[L + QI ()] = 1)
kk,

A (A
A (B)

-] A8
e i (4.8)

The renormalised photon mass A is obtained from
N1+ 2T (A2 = A2 = 0. (A.9)

The wave function renormalisation constant ZéA) of the
photon is given by

ZY = 1+ 2T (A2 (A.10)

It follows that the renormalised mass A, the renormalised
charge e and the renormalised gauge parameter £ are given
by

A2 = z{M\2, (A.11)
e? = Z:,()A)eg7 (A.12)
¢=(2") % (A13)
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With that we get for the renormalised field A% and prop-
agator A%‘I)%W

Al (z) = (Z¥V) 5 40 (@), (A.14)

A (A)
1AL (k) =
PRI k21 4 21 (k2)] — A2 + de

% (g + (€11 + IV ()] - 1)

Kk,
I (k%) = T (E?) — T (\2). (A.16)

Note that with the conventional choice of Z5! in (A.10) the
residue of the pole at k2 = A\? in the transverse term of
the renormalised propagator is finite but not normalised
to 1.

For the gluon relations completely analogous to (A.8)—
(A.16) hold with the replacements A — G, eg — go, Ao —
po and & — no-

The renormalisation of the electron and quark fields is
standard. Let —iX(*)(p) be the unrenormalised electron
self energy, then the unrenormalised electron propagator

S;,(w) is
S (p) ™! = P—mo — ) (p) + e, (A.17)

The renormalised electron mass m and the wave function
renormalisation constant Z2(1/1) are given by

0=m—mg— X(m), (A.18)
W _p_9 -1
Zy" =1 - @y@@/)%m] : (A.19)

For the renormalised electron field ¥z and propagator
S%}% we have

vr(@) = (Z5") 2 (@), (A.20)
SEhp) ™Y = p—m — W (p) +ie, (A.21)

ZW(p) = 2[5 (p) — ) (m)]
(28— 1)(g-m). (A.22)

Relations analogous to (A.17)—(A.22) hold for quarks
in our theory with the replacements ¢ — ¢q, mg — Mp.
Note that also the complete quark propagator is flavour
diagonal due to the C4 and Cg symmetries (A.1),(A.2).

This concludes our brief discussion of the renormalisa-
tion of the model.

B Free fields and time-shift relations
B.1 Massive vector field

A free vector field G, of mass ;1 can be described by a
Lagrangian density

1 1 1
_ o oo Yooz lea or (Ba
L=~ 3GuwG" = 5 (0uG") 4 5p°GuG" (B.1)
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with the field strength tensor G, = 0,G, — 0,G,,. With
the canonical momenta I7€

= (goi?e) — G- 960%@“@#), (B.2)
the Hamiltonian density is given as
H= —%nﬂoﬂo - %Hzﬂi —9,G'II° + IT'9;G”
Using the commutator function A
Az p?) = i/de(efikz — eik) (B.4)
with
dfik = (;l:?je(ko)a(l)(k? —u?), (B.5)

G, at the space-time = can be obtained from G, at time
y? by means of

Guo) = [y Al = iGu)
C A T+ 0, A — ()
+%3u3p{4(33 —ysnp?) — Az — y; 1*) TP (y)
—90u0p Az — y; 1*) G (y)],

where the time-derivative of G, has been expressed in
terms of G, and II,, with the help of the free equations
of motion. The derivatives are taken with respect to the
first argument. In the case of n = 1 (B.6) reduces to

(B.6)

Gula) = [y A= PG, (B

Furthermore we need for the perturbative calculation the
propagator

d% —iGup

e~ tk(z—y)
(2m)4 k2 — p? +ie

(0 TG, ()G, (y) [0) = /
(B.8)

B.2 Dirac field

Starting from the Lagrangian density for a free Dirac field
1 of mass m

_ (i e
L= (2 9 —m) v, (B.9)
the corresponding Hamiltonian density is given as
(i e
H= -9 (27182» —m) . (B.10)
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The mapping of ¥ from y to another space-time point x
is accomplished by

v =i [ @y —ymn®iG) (B11)

o) =i [ @y Sy - mim) (312

with
S(xz;m) = (idy + m)A(x; m?). (B.13)
Furthermore we need the perturbative propagator
(0] Ty ()i (y) 10)
= [ o~ ) i m)
+0(y° — 20)etPE=Y) (—ypm))]. (B.14)

C Calculation of M

The calculation of M is demonstrated best in calculating
the part

— (O T [atrb(-af) A, (aa)ei 7
—0(20) A, () ! PrHP2)7)
< [atnilo(-aDaten) Awaten)
—0(29)q(21) A(Z1)q(F1)] ... |0)

of the matrix element in (4.14). This expression is in prin-
ciple governed by the four integrals I1, I, I3 and I, which
will be calculated successively in the following. We will
start with I

(C.1)

I = (0] T/d 230(—19) A (w3)e!PrP)Ts
x0(—a})Ap(1) 0)

= 9(_35(1)) /d x3,9(_x3)ei(P1+p2)xs
x (O] TA,(23)Ap(21) |0)

= —igﬂpﬁ(—x?) /d%ge(,xg)ei(erpz)zs
o / d* 1 .
(2m)% k2 — A2 +ie
= —ig“pﬁ(—x?) /dgk 5@ (p1+ p2 — k)
X / dz0(—x9)e! @i tr2)es

o / dk® 1
(2m) k2 — X2 4+ ic©

The integration of k¥ is best done using the residue theo-
rem. Unfortunately, because of the occurring #-functions

77;](2(133 71}1)

—ik® (zg —z9)

(C.2)
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in 29 and 29 the integral is neither in the upper nor in the
lower complex plane convergent. This can be circumvented

/d43339(—33g)f(963) = /d4$3f(903) - /d4x39(x§)f(x3)
(C.3)

so that we get two contributions, one in which the z$-
integration stretches over the whole real axis, we get a
d-function in £° and its integration becomes trivial and a
second contribution where we can apply the residue theo-
rem without any problems

1 A
o . 0 7 + x
L = *Zgupf)(*m)[m(z (P1Fp2)1
7/de(2ﬂ)35(3)(p1 + pg — k)etko

1
p?+pg—k0+ie

1. (C.4)

With the help of

/ d*BsM(B°

— o—ihws 1/ (e2ik°'wg(ko +k0’) 4 (=KD +k0/)e—2ik°'xg)
2k0
Vk2 4+ )2

the integration of I is straightforward. We can apply the
residue theorem directly because the #-functions ensure
the convergence of the integral over k°

- J?g)A(.fg — B)(rj]_;oe_ikB

with k9 = (C.5)

= (0] T/d4$39($g)14u(j3)6i(271+;D2)a:73
x0(—27) Ay (1) 0))
= 0(—a) / db150(20) et (P1P2)7s
X (0] TA(73) Ay (1) [0)
= 0=1) /d lwgf(w3)e! T /d4Bé(1)(BO — 29)

. &
x A2 — B)dpo (0| TA,(B)A,(z1) |0)
= igupe(—x?) /de(Qﬂ-)?’(S(?’) (p1 +p2 — k)e“ml
) : (C.6)
P+ pf — kO —ie’ .

To calculate I we need only the difference between both
integrals

1
5 — A2 4 e

+i / d®k(2m)* 6™ (p1 + p2 — k)]

L — I, = —igupe(fx(l))ei(Plerz)xl[

= —igupf(—27) T N2 e ieei(mﬂnz)xl' (C.7)



676 O. Nachtmann, A. Rauscher: A path integral approach to inclusive processes

I3 can be treated in the same way as I I, = igupa(ﬂﬂ?)[/ de‘(27r)36(3)(p1 4 p2— k)eikm
i(p1+p2)w: 1 ) - 1
Is = (0| T/d4ﬂc39(—mg)Au($3)e’(” +p2)zs X5 5 T +ez(p1+p2)“1ﬁ}. (C.13)
Py +py + kY +ie 5 — A% — e

x0(29) A, (1) |0)

— igﬂpﬁ(:c?)/de(QW)35(3)(p1 T p2— k)eiml 1
—Iy=1 0\ i(pitpa)da_ _ +
1 (C8) Iz — Iy = igy,0(x))e"P P20 | —

+i/de(27r)45(4) (p1 +p2 + k)]

Again we only need the difference between both integrals

x
pY +pY + kY —ie

The most complicated integral is I

) 1 i(p1+p2)Z1
) _ = _Zgupe(x(l))me (P1+p2) ,  (C.14)
L= (01T [atesd(af) u(as)e 50 4,(6) 10)
so that we finally get
= 0(z}) / d'r30(x§)e’ PP (0] TA,,(3)A, (1) |0) 1
I =iy O [ fb(-aDa(oa) ()

— 0 4, 0y ,i(p1+p2)7s Anps(1) (R0 0
— Q(xl)/d x30(x])e PP /dB5 (B” — x3) weilpr+pa)er _ 9(?6?)(1@?1)%61(561) i(p14p2) :,31] 10).

X A(gs — B)/d405<1>(00 — 2N A®F - C) (C.15)

T
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